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On the global asymptotic stability of an infection-age structured
competitive model

S. Girel' and Q. Richard?

YUniversité Cote d’Azur, CNRS, LJAD, Parc Valrose, 06108 Nice, France
2Université de Montpellier, CNRS, IMAG, 34090 Montpellier, France.

Abstract

We investigate an infection-age structured competitive epidemiological model involving multiple strains.
While classical results establish competitive exclusion when a unique maximal basic reproduction number
exists, we provide here a complete characterization of the asymptotic behavior for an arbitrary number of
populations without assuming uniqueness of the maximal reproduction number. By means of integrated
semigroups theory, persistence results, and Lyapunov functionals, we establish global asymptotic stability
of equilibria and extend previous results obtained for simpler (ODE) models. A key contribution lies in
overcoming technical difficulties related to the definition and differentiation of Lyapunov functionals, as well
as in refining arguments based on the LaSalle invariance principle.

Keywords: Infection-age structured model; Competitive exclusion principle; Global asymptotic stability;
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1 Introduction

In this paper we focus on the following infection-age structured competitive model

S = A-psS(H) / B(@)a(t, a)da
Bl (t)+ S (0) = (@)t a), 0
xp(t,0) = / Br(a)zk(t,a)da
(5(0),21(0,.), ...,z (0,.)) = (So,Z1,0, - xn0)€R+x( }r(O,oo))”

for every (t,a,k) € (R%)? x [1,n] where n > 1 is the number of infected populations. The case n = 1 was
investigated by Thieme and Castillo-Chavez in [19, 20] with the study of the uniform persistence of the system
and the local asymptotic stability (LAS) of the endemic equilibrium. The analysis was completed by Magal,
McCluskey and Webb who established the global asymptotic stability (GAS) of both the disease-free and the
endemic equilibria [11]. Using the next generation operator approach [3] they derive an explicit expression for
the basic reproduction number Ry and prove that if Rg < 1 then the disease-free equilibrium is GAS in the
whole space, while if Ry > 1 then the unique endemic equilibrium is GAS in the set of initial conditions for
which disease transmission occurs, and the disease-free equilibrium is GAS in the complementary set. Later,
the case n > 2 was investigated by Martcheva and Li using a more general model that includes a vaccinated
compartment [14]. They derive a basic reproduction number R for each species k € [1,n] and prove that
if maxgeq nj{Rox} < 1 then the disease-free equilibrium is GAS in the whole space. Moreover, under the
assumption that there exists j € [1,n] such that Ry ; > 1 and Ro ; > maxke[[l I\{i}1Ro,x} then the endemic
equilibrium corresponding to the survival of the strain j only ( # 0 and i} = 0 if k # j), is GAS in the
set of initial conditions for which the transmission of the dlsease j occurs. This classical result is commonly
called competitive exclusion principle and was postulated first by Gause in an ecological context [5] and later
reinterpreted in an epidemiological context by Bremermann and Thieme [I]. It states that n competitors
cannot coexist on less than n resources, hence if multiple strains circulate in the population then only the
strain with the largest reproduction number persists, while the strains with suboptimal reproduction numbers
are eliminated. As mentioned by the authors, the case where the maximal reproduction number is reached



for multiple populations is not treated in [14]. For two species (n = 2), this case was partly investigated in
[16] with an attractiveness result of the set composed of all endemic equilibria. In the absence of age-infection
structure, the ODE model has been extensively studied (see [8, 9] for Holling type 2 models or more recently
[2] with infinitely many variants). The asymptotic behavior of the solutions is fully characterized in all cases.
Moreover, when the maximal Rg is attained for multiple populations, the equilibrium toward which the solution
converges can be explicitly determined based on the initial condition. This issue, however, remains open in the
PDE setting.

The methodology employed in [I1] consists first in using integrated semigroup theory (see [12]) to get an
appropriate framework for the well-posedness of the problem. It allows to linearize the system around each
equilibrium, obtain linear Cy-semigroups, then use spectral theory to obtain the local stability of the equilibria
(see [1, 21]). Afterwards the study focuses on the semiflow (see [6] for definitions and results) by proving that it
is both bounded-dissipative and asymptotically smooth, which implies the existence of a strong global attractor
A that is LAS. The last part of the proof consists in showing that this attractor reduces to some equilibrium,
by using Lyapunov functionals. The same kind of arguments are used in [14]. More recently, global stability
results were established in a SI epidemiological PDE model with infection load-structure [15]. This is also done
by using Lyapunov functionals, however, contrarily to [11, 141], the computations are not done on the global
attractor but on the omega-limit set for each initial condition. This method comes at the cost of requiring local
asymptotic stability to be established independently.

In order to reduce the attractor to some equilibrium, we first must check that the Lyapunov candidate
function is well defined on the attractor. This is immediate for the disease-free equilibrium, whereas strong
uniform persistence results are necessary for the endemic equilibrium. In [11, 14], the weak persistence of the
semiflow is readily obtained, then the uniform weak persistence is deduced from the tools developed in [7] (see
also [17]). This ultimately leads to the uniform strong persistence due to the existence of a global attractor [17].
In [15] the author combines the weak persistence with the fact that the disease-free equilibrium is included in the
omega-limit set to claim a contradiction, but there may be cases where the solution approaches the disease-free
equilibrium without converging to it. This proof was unfortunately reused in [16].

The second point is to compute the derivative of the Lyapunov candidate function. As explained in [11],
initial conditions in some specific domain lead to classical solutions [12] of (1) and the PDE equations can be
used to readily compute the derivative. For other initial conditions, the key argument is the density of the latter
domain into the positive cone of the whole set as mentioned in [11]. Though it is also necessary that the semiflow
is state-continuous uniformly in finite time (see [17]) which naturally follows from the Lipschitz property of the
non-linearity. For the endemic equilibrium, this is even trickier since the sequence of initial conditions obtained
by the density argument does not necessarily satisfy the estimates required for the Lyapunov candidate function
to be well-defined. Hence, the construction of an ad hoc sequence, which both belong to the domain and satisfy
the estimates, is necessary. This is done in the present paper.

The third and last point is the reduction of the attractor to the equilibrium. In [11], this is done by considering
a point z € A and a complete orbit through z. Using the Lyapunov function and some estimates on the alpha
limit set of the complete orbit, the authors get the result for the disease-free equilibrium when Ry < 1. For the
endemic equilibrium, the authors combine the fact that the derivative of the Lyapunov function must vanish on
the alpha-limit set of z (see [17]) which actually reduces to the endemic equilibrium (by computing the largest
invariant set on which the derivative vanishes), with the LAS of the endemic equilibrium to obtain the result
when Ro > 1. In [15], since the Lyapunov is computed on the omega-limit set w(z) for the initial condition x,
the LaSalle invariance principle does not imply that the derivative of the Lyapunov function vanishes for each
point of w(x) as claimed but only on the omega-limit (and alpha-limit) sets of each point of w(z) (see [17]).
It follows that the endemic equilibrium belongs to w(z) but is not necessarily equal to it. The mistake lies in
asserting that, if y € w(x), then w(y) = w(x). A simple counter-example exists with ODEs (see [18, Example,
p.224])) where w(x) consists of two fixed points plus the orbits joining them, while w(y) reduces to one of the
equilibria, for each y € w(z).

In the present paper we do not need the LAS of the endemic equilibrium. The argument follows [11, 11] by
considering z € A and a complete orbit through z on which the Lyapunov function is well defined. The LaSalle
invariance principle implies that the derivative of the Lyapunov function vanishes both on the omega and alpha
limit sets of z, which then both reduce to the endemic equilibrium. Using the fact that the Lyapunov is zero
at the endemic equilibrium, it follows that the Lyapunov function vanishes along the complete orbit, hence the
derivative vanishes for all time and the result follows. This point is of particular interest here, since the stability
of the endemic equilibrium cannot be established by linearization when the maximal R is attained for multiple
populations.

In the second section, we specify the assumptions and notations, remind some definitions then state the
main result that is a complete description of the asymptotic behavior for n species in the case where the



maximal reproduction number is not necessarily unique, with global asymptotic stability results of the equilibria,
extending the results obtained in [14]. In the third section we prove the result by induction on n, using the
tools described above.

2 Assumptions and results

For every k € [1,n], we define the function
T s — e~ Jo H(s)ds

describing the survival probability from infection to the infection age a for the population k. We also define the
following quantities

G imsuwpwpp(B), = [ fula)mi(a)da
0
which allow us to define the basic reproduction number associated to the species k as

Ar
Roj = —.
Hs

We will look at solutions on the Banach space
X =R x (L*(0,00))"

which is endowed with the usual norm while we denote by X its positive cone. We also define the sets

Bre
Sk = {(SO7$1,0, @) € X4 / Tgo(s)ds > 0} , 0S8 =X4\Sk, VYkel[l,n].
0

Assumption 2.1.

1. The constants A and pg are positive. For each k € [1,n] the functions ux and By belong to L> (0, c0)
with Bx Z£ 0. Moreover, there exists po > 0 such that pus > po and such that for each k € [1,n] we have

pup(a) > po  a.e  a>0.
2. For each k € [1,n] there exists By € [0, By,) such that

Br(a) >0 ae ac[B Br)

3. The functions By are uniformly continuous.

We note that the last assumption is to obtain the compactness of the orbits. We remind (see [
we can define the linear operator A : D(A) C X — X by

S _MSS

O [

with D(A) = R x ({0} x WbH1(0,00))" and X = R x (R x L'(0,00))". We define the sets Xy = D(A) =
R x ({0} x L'(0,00))? and its positive cone Xy = Ry x ({0} x L% (0,00))%. Then we define the part of A in
Xy as

, 16]) that

Aoxr = Az, Yz € D(Ap) := {z € D(A) : Az € Xy}
We also define the non-linear function F': Xy — X by

S A=S>7_, fooo Br(a)zk(a)da

<q?1> (S Jo B (g):cl(a)da>

<x0n> (S Jo~ B (g)fﬂn(a)da>

3



Finally, we define the nonlinear generator
(A+ F)u= Au+ F(u), Yu € D(A)
and the part of A+ F' in X} as
(A+ F)o)u=(A+ F)u, Yu e D((A+ F)o) = {u € D(A) : Au+ F(u) € Ap}. (2)

We can then rewrite the model (1) in the following abstract Cauchy form (not densely defined):

du
—(t) = Au(t)+ F(u(t vt >0
{ W) = Au(t)+ Fu(t), Ve )
U(O) = wugy € Ap.
Under Assumption 2.1 we can state the following properties (see the proof of [16, Proposition 2.1] in the case

n=2):
Lemma 2.2. Suppose that Assumption 2.1 holds. Then:
1. A is a Hille-Yosida operator with (—pg,00) C p(A), where p(A) denotes the resolvent set of A and

AL = A)"")cx) < —, VA > —po, Vn > 1.

1
(A + po)
2. F is a locally Lipschitz continuous function: ¥r > 0, 3K, > 0 such that
1 (uo) — F(to)|lx < K lluo — tol|x
for every (ug, o) € (Xo N Bx(0,7))% where Bx(0,7) is the ball centered at 0 € X and radius r.

3. A is resolvent positive and for every r > 0 there exists K, such that F(ug) + Kyug € Xy and A — K, I is
resolvent positive for every ug € Xo N By (0,7) N X,.

For the second and third points, the constant K, can be taken as K, :=2r >, _, |8/l zo -

From the above lemma, we deduce (see [11, Proposition 2.1] in the case n = 1 or [L6, Theorem 2.2] for
n = 2) the following result.

Proposition 2.3. Suppose that Assumption 2.1 holds.

1. There exists a unique continuous semiflow {U(t)}i>0 on Xot+ such that for every ug € X4, there exist
tmax(ug) < 00 and a continuous map U(.)ug € C([0,tmax), Xo+) which is a mazimal integrated solution of
(3), i.e.

t
/ U(s)upds € D(A), Vt € [0,tmax)
0
and . .
U(t)uo = ug + A/ U(s)upds —|—/ F(U(s)ug)ds, Yt € [0, tmax)-

0 0

2. This solution is global in time, i.e. tmax(ug) = 400 and it induces a continuous semiflow via
DRy X Xy By(2) = (S(t),21(t,.), oy Tn(t, ) =2 (BT, B, ..., DT)(2).

The semiflow rewrites using the following Duhamel formulation

u(2) = (0,011 (2), s 011 (2)) + (@5 (2), @17 (2), o, 972(2)) (4)
with ®7(2) > 0 for every t > 0 and every z € X,. Also for each k € [1,n], we have
(I)g’;(z)(a) = xk70(a _ t)i; I Hk(s)dsx[t’m)(a) . (5)
(=) (@) = O (2) (J© Br(s)@f_q(2)(s)ds) e Jo 1@y g 4 (a)

where z = (So, 1,0, .-, Tn,0) and x denotes the characteristic function. Also, for every ug € Xo+ we have

A A
U (#)uollx < m (1 —e™%) + [luo|[xe™"" < maX{u, IIUOIIX}7 vt > 0. (6)
0 0
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3. The semiflow ® is bounded-dissipative on X, i.e. there exists a bounded set (that is Bx (0, %), the ball
of X centered at 0 and radius If—o) which attracts every bounded set of X .

4. The semiflow ® is state-continuous uniformly in finite time, i.e. for every (t,z) € Ry x X, and every
€ > 0, there exists 6 > 0 such that

|Ps(2) — Ps(2)||x < e, V(s,2) € [0,t] x X4 such that ||z — Z||x < 6.

5. The semiflow ® is asymptotically smooth, i.e. for every non-empty, closed, bounded and positively invari-
ant set B C X, there exists a compact set K C B such that d(®:(B), K) e 0 where we defined
— 00

d(®:(B), K) = sup inf ||®4(2) -yl x.
zeBYEK

Proof. 1. From Lemma 2.2, A is a Hille-Yosida operator, so it generates a locally Lipschitz continuous
integrated semigroup {S4(¢)}:>0 on X (see [10, Theorem 2.4] or [12, Proposition 3.4.3, p.116]). Moreover,
Kellermann-Hieber theorem (see [10] or [12, Theorem 3.6.2, p.133]) implies that for any 7 > 0 and

any f € L'((0,7),X), the maps t — (Sa * f) (t) are continuously differentiable, where * denotes the
convolution product:

(Sa =)t /SAt—s s)ds

and for all ¢ € [0, 7] then

t
s ()= | S 10| < e [ el )1as < 8at0) s 1L U

sE
where §4(t) = t converges to 0 as t — 0. Then Assumption 5.1.2 from [12] applies and, since we proved
that F is locally Lipschitz continuous, [12, Theorem 5.2.7, p.226] states that there exists a unique maximal

integrated (mild) solution U(.)ug € C([0, tmax), Xo) (With tymax < 00) of the problem (3) for each initial
condition ug € Xy. This solution satisfies:

U (1) = Ty (0o + 5 (S (F 0 U o) (1)) (8)

where {T'4,}+>0 is the Cp-semigroup on X generated by Ay. Note that the existence of {T'4,}i>0 on
D(Ap) comes from the Hille-Yosida Theorem [12, Lemma 2.4.5] while [12, Lemma 2.2.11] implies that
D(Ag) = X

Due to the positive properties stated in Lemma 2.2, we deduce by [12, Proposition 5.3.2, p. 227] that for
each ug € Xp, the solution satisfies U(.)ug € C([0,¢max), X4+). This proves the first point.

2. Let ug = (So,(0,21,0) .., (0,200)) € Xox and z := (So,%1,0,...,%n0) € Xy. First, the formula (5)
are derived for every t € [0,¢max(to)) in [16, Theorem 2.2] by the method of characteristics. Next,
we have U(.)ug € C([0,%max(t0)), Xo+). Denoting U(t)ug = (S(¢), (0,z1(t,.)), ..., (0, 2,(¢,.))) for every
t € [0, tmax(uo)), then the function ¢t — S(¢) belongs to C([0, tmax(u0)), R4) and the S-equation of (1)
holds. We deduce that

S(t) < Spe Hot + /t (A — 5(s) Z":/DO ﬁk(a)xk(&a)da) e—Ho(t=5) J
k=10

0
n t o)
< Spe ot 4 A (1—erot) — Z/ S(s) </ Br(a)zk(s, a)da) e Ho(t=9) (g
Ho 1”0 0

On the other hand, using (5) we have

o5} t 00
/ zi(t,a)da < ||zg ol pre "0 + / S(t—a) </ Br(8)xk(t — a, s)ds) e H%dq.
0 0 0

It follows that (6) holds for every ¢ € [0, tmax (1)) whence the solution U(.)ug is global in time (otherwise
the norm should explode at tmax(uo)). We deduce the existence of the continuous semiflow:

B Ry x Xy 5 (t2) — (SW),21(t,.), oo, n(t,.)) € Xy



with the bijection
z := (So, 1,0, ...,wn’0> € Xy — ug = (So, (07-751,0)’ ) (van,())) € Xo.
This proves the second point.

. Let B C X be a bounded subset and let z := (So, 1,0, -.., Tn,0) € B. From (6) we know that
A — ot — ot
[Bi(a)lx < o (1= )+ allxe™, V20,
0

It shows that lim;, o [|P:(2)]|x < % uniformly in z € B. In conclusion we get

d (@t(B),BX <o, :;)) —0

and ® is bounded-dissipative on X .

. Let ug € Xp. Then U()ug € C(R4, Xp4). Let £ > 0, € > 0 and define
A

T=max{,||uo|x+6}, § = ce Kt
Ho

where K, is as in Lemma 2.2. Let 4y € Xp4 such that ||ug — tgllx < 6. We have U(.)ig € C(Ry, Xoy)
and F is Lipschitz continuous whence F o U(.)ug and F o U(.)iiy belong to L([0,¢], X). Also we have
(U(s)ug,U(s)tg) € (Xox N Bx(0,7))? for every s € [0,¢] by using (6) and since ||agllx < 0 + |Juollx < 7.
From (8) we deduce that for every s € [0,1):

. . d .
U(s)io — U(s)uo = Tay(s)(to — uo) + - (Sa* (FoU()to) — (F o U()uo))(s))-
From [12, Lemma 2.2.10, p. 65], we have p(Ag) = p(A) whence Hille-Yosida theorem states that

[T'aq (5) (G0 — wo)[lx < 7% ||do — uollx <6, Vs € [0,¢].
Using again Kellermann-Hieber theorem then (7) holds and we deduce that
S
1U(s)tio = U(s)uollx <0 +/ IE(U()io) — F(U(&)uo)llxd, Vs € [0,t].
0
It follows from Lemma 2.2 that
[U(s)0 ~ Uluolle <5+ K [ |00~ U©)uollude, Vs (0.1
0
which leads by means of Gronwall’s inequality to
|U(s)tig — U(s)ug|lx < 05 <e, Vse[0,t
which proves the point.
. From the decomposition (4), we see that the function n: Ry x Ry 3 (¢,7) — nre #ot € R, satisfies:
Vr >0: t_l}&noon(t,r) =0
and
[(0, ", ..., 7Y x < nlt,r), V(t 2) € Ry x X4 such that ||z]x < r.

Let t > 0 and k € [1,n]. We want to show that the operator ®* : X, — L'(R, ) is compact. Let B C X
be a bounded subset and r = sup,p ||z|| x. We use Riez-Fréchet-Kolmogorov theorem [22, Theorem X.1,

p. 275] to prove that {®F%(2), z € B} is relatively compact in L. First, using (6) we get

A
sup || 052 (2)|| 1 < (max{,r}) < 4o00.
z€B 1o



Secondly, let A > 0 then clearly
sup/ oF?(2)(a)da — 0.
zeBJh h—+-00

since ®7%(2)(a) = 0 for a > t. Thirdly, let h > 0 such that t —h > 0. Let us define
Bi(s) = ®4(2)(0) = ‘I’f(Z)/ Br(a)@{(2)(a)da, V(z,5) € Bx Ry
0

whence
(D?Q(Z)(a) = B;(S - a)ﬂ-k(a)X[O,s) (CL), V(Z, 570') € B x [O7t] X R-‘r'

Using (6) we have

A 2
B (s) < |1Bkllne= (max{um}) =:c1, VY(z,s)€BxRL
0

and with the S-equation of (1) we get

oS A AV ¢
‘d =(2) < A+,u5max{'u,7‘} + (max{ﬂﬂ"}> Z 1BjllLe =: ca, V(z,5) € BxRy
0 0 ;
Jj=1

leading to
|05, (2) — ©F(2)| < e2h, V(z,5) € Bx Ry

We remark that
Bi(s) = #5() [ Al@)Bis - a)e 1% 03(0) [ pulact b @e O,
for every (z,s) € B x Ry whence
|Bi(s + h) — Bi(s)| < cs(h) + || Bkl L~ max {;\O,r} /OS |Bi(s+h—a)— Bi(s —a)|da, V(z,s) € BxR4
where

ea(h) mrmax { % (cahllll e+ sup o+ 1) = )] + (1= e g .

C
+ CQhH/BkHLoc (1 + 7“)
Ho

with cz(h) h—é 0 uniformly in z € B since f, is uniformly continuous by Assumption 2.1. From Gronwall’s
—

inequality we deduce that

|Bi(s+ h) — Bi(s)| < c3(h)exp (r(t—i— h) x max{j{),r}) =cy(h), V(z,8) € Bx]0,t].

Thus it comes:

) t—h
/ 1B52(2)(a + h) — 85 (2) (a)|da < / IBE(t — (a+ 1)) — BE(t — a))|mx(a + h)da

0 —h

0 t

Bi(t — a)mg(a)da + /tih Bi(t — a)mg(a)da

t—h
+/ B,j(t—a)|7rk(a+h)—7rk(a)|da+/

—h —h

whence -
/ 1052 (2) (a4 h) — ®F2(2)(a)|da < teg(h) + tey (1 — e Plreley 4 ope, 0
0 —

uniformly in z € B. It follows that the operator <I>,’5C 2 s compact for each ¢ > 0. In conclusion the

operator (®7, <I>i ’2, . (I>f’2) is compact since the range of ®7 is finite dimensional. It proves the relative

compactness of the positive orbits by using [21, Proposition 3.13, p. 100], for each z € X, and also that

the semiflow {®;},>¢ is asymptotically smooth (see [6, Lemma 3.2.6, p. 38] or [17, Theorem 2.46, p.51]).
O



Corollary 2.4. Suppose that Assumption 2.1 holds. There exists a strong global attractor A C X4, that is A is
a non-empty, compact and invariant subset that attracts every bounded subsets of X . This attractor satisfies
A C Bx(0, %) which is the ball centered at 0 € X with radius % The set A is locally asymptotically stable

(LAS), i.e. for every neighborhood V of A, there exists a neighborhood W C V of A such that ®;(W) C V for
every t > 0 and there exists moreover a neighborhood V of A such that A attracts V. Finally the following holds:

A
deg >0: V(So,il,o, ...,an,o) €A, ; > Sy > cs. (9)
0

A
ps + g Yo 1Bkl

The constant cg can be taken as cg :=
Proof. First we see that orbits of bounded sets are bounded since
A
[®(2)[[x < max 4 |lz]x, ol vt >0
0

by using (6). Using [17, Theorem 2.33, p. 43] (see also [6, Theorem 3.4.6, p. 39]), we deduce that there exists
a strong global attractor A C X . This attractor A is locally asymptotically stable according to [6, Theorem
3.4.2, p. 39] or [17, Theorem 2.39 p. 47]. Moreover, since ® is bounded dissipative by Proposition 2.3 and since
A is compact and invariant then for every ¢ > 0:

a(amx (0.0 )) =a (.8 (0.50)) 20
Ho Ho =00
whence A C Bx (0, %)

For the last point, let z := (So,%1,0,...,2n,0) € A. By invariance of A there exists a complete orbit
{#(t),t € R} C A through z, that satisfies ||¢(¢)||x < % for every ¢t € R. From (1) we get

S n
w >A- (us + %Z ||ﬁk||m> 7 (¢(s)), V(t,s) €ERL xR
k=1

leading for every (¢,s) € Ry x R to

A _ A mn t A
55 (4(s)) > A (1 _ o (st iy 1BkliLee) ) N — = cg.
s + e Shoa 1kl o400 pus o+ gy Vi 1Bell

Let € > 0 then there exists t* > 0 such that for every t > t* we have ®7(4(s)) > cg — ¢ for every s € R. Taking
s = —t leads to Sy > cg — € for any £ > 0, whence (9) holds. O

As it is proved in [16, Proposition 4.4.4] in the case n = 2, we know that for each k € [1,n], the sets S and
0S) are positively invariant. Also, we see that if z € Sy then

108 (s < loosligne ™, I8t )l =0 We>0 (10)
which reduces the problem to the n — 1 populations model. Without loss of generality, we may assume that
Ro1 =2 Roz =2 Ron- (11)
We define now the following indexing:
oo =0, or =max{j € [1,n] : Ro,; = Ro,14+0,_,} Yk € [1,nr]

where ng € [1,n] is the number of different reproduction numbers and satisfies 0., = n. For example if n =1
or if every reproduction number are equal then ng = 1 ; while in the case where each reproduction number
is different then ng = n. We denote by n~ € [0,ng] the number of different reproduction numbers that are
bigger than one, which is such that

Rox > 1, Vk € [1,0,.].

With these notations, we can describe the different equilibria. First there is the disease-free equilibrium:
. A
Ey = (So,O(Ll(R+))ﬂ,) = M—S7O,...,O e X,

8



which always exist. Second, if n~ > 1 then for each k € [[1,n] the following set of equilibria exists:

Ok
&= E;lk o (01, ) €0,1]7, Z a;j=1a;=0Vj € [1,04-1] U1 + ok, ] (12)
j=1l4+0k-1
where )
E;h 5 On (S:'k7x1;051’ e ’szaan)7
Sro=—
Ok ro'k’
. ps(Ro,; — 1) :
mj,aj (a) = ri_jajﬂj(a)a V(],a) € [[1,77/]] X R+'
J

We can note that if for some k we have o, = 1 + o,_1 (for example if n = 1) then &; is reduced to a single
equilibrium (otherwise there are a infinite number of equilibria). Following the classical notations (see [(]), we

denote for z € X:
() ={2u(2)), t >0}, w(z)=[){®:(2), t =7}
7>0

respectively the positive orbit starting from z and the w-limit set of z. Also, let a function ¢ : (—o0,0] = X
such that ¢(0) = z and for any s < 0, ®:(¢(s)) = ¢(t + s) for each 0 < t < —s, then the set {¢(s),s < 0} is
called a negative orbit through z, denoted by v~ (z). Similarly, for a function ¢ : R — X such that ¢(0) = z
and for each s € R, ®,(¢(s)) = ¢(t + s) for every t > 0, then the set {¢(s),s € R} is called a complete orbit
through z, denoted by v(z). We define the set

H(t,z) = {y € X : there is a negative orbit through z defined by ¢ : (—00,0] = X, ¢(0) = z and ¢(—t) =y}

and the a-limit set of z as

2)=({H{t,2), t =1}

>0
For a given complete orbit v(z) = {¢(s),s € R} we define the a-limit set of the orbit similarly as
a(¢) = = {o(=0),t> 7}
7>0
Furthermore, we define the sets

P (z)= |JH(t2),  D(z)=T"(z)Ur*(2)

t>0

that contain respectively all negative and complete orbits through z. To obtain results about the asymptotic
behavior of the solutions, we will make use of Lyapunov functionals. To this end we define the following key
function

g:Risz+—2—-In(z) -1 Ry

and for each k € [1,n] we define the function ¥;, € L3°(0,00) by

:i/mﬁk( = J3 e (§)dE g
Tk Ja

We now define for every z := (Sp, 1,0, ..., Tn,0) the functional

S, n oo
Lo:z+— Sjg <S(*)> + Z/ Uy (a)zyo(a)da (13)
0 = /o

and for each k € [1,ng] we define the functional

)—1—2/ n;V;(a)z;o(a da+Z/ (1—n;)¥ )]%()g<m>da

Jro
(14)

QXldop 1%y, . *
L, iz 559

where
1 ifjel,op1]U[L+0k,n] orifa; =0
nj =
0 else.
Under these assumptions, we state the following result which is mainly a competitive exclusion principle but

where multiple populations can survive provided that they have the same Ry and provided that the populations
with bigger R are not present in the system (i.e. belong to the corresponding set 9Sy).



Theorem 2.5. Suppose that (11) and Assumption 2.1 hold.

1. The disease-free equilibrium Ey is GAS on X1 if n~ = 0 and in (ﬂj;i 0S;) otherwise. Moreover, let

K C (ﬂ;:T 0S;) be a compact invariant, then the functional Ly defined by (13) is a Lyapunov functional
on every complete orbit y(z) for any z € K.

2. For every k € [1,ns], the set & is GAS in (NJ21'0S;) N (USE, ., | S;). More precisely: for each
non-empty subset J C [1 + ox_1,0%], the set of equzhbma

&g = {Ej;lk can = (S5 0y Tha,) €6 1y =0V € [Ln]\ T} (15)

is GAS in (N U’“’IOS-) N (UjerS;) N (Njefitor_1,0:\79S;). Also, let K be a compact invariant such that
K C (NJ571085) N (NjegSi) N (Njefitor_y,on\gOS;) then the functional L:Ha’“’l’“”aa’“ defined by (14),

where (ozl, ey Q) s such that ELF € & . is a Lyapunov functional on every complete orbit ~y(z) for

any z € K.

7a’!L

3 Proof of the global stability

In this section we prove Theorem 2.5 by induction on n > 1. The initialisation is clear since it is handled in
[11].
Let n > 2 and we suppose that the statements of Theorem 2.5 are true for n— 1 (in others words, for the system
(1) with only n — 1 infected populations then the asymptotic behavior is known for every case). We will prove
that the statements are still true for n.

If z € 081, then ®4(z) € dS; by invariance of S; and from (10) it is clear that ||z1(¢,.)|z1(r,) — 0 when
t — oo. Consequently the model (1) is reduced to n — 1 populations (which are [2,n]) and by recurrence
hypothesis we get the first item when n # 0 and the second item is also true for every k € [2,n~].

In all that follow we assume that (11) and Assumption 2.1 hold. We start with the following lemmas.

Lemma 3.1. Let v € A, then the function t — Lo(P¢(v)) is well-defined on Ry and for every t > 0 it satisfies

dLo(®:(v)) _ (A— MS‘I’S . ROk

In particular Lo is a Lyapunov functional on AN (ﬂ?;i (9Sj).

Proof. Using (9) implies that Lo(®.(v)) is well-defined on Ri. Let v := (So,z1,0,...,Tn0) € A and
v = (50,(0,21,0),...,(0,2n0)) € X1. If U € D((A+ F)o) N Aot (we remind the definition (2)) then using
[12, Theorem 5.6.6, p. 242] we may compute the derivative of the function ¢t — Lo(®(v)) according to ¢ since
®%(v) belongs to W11(0, 00) for each t > 0 and every k € [1,n]. Similar computations to [16, Proposition 5.3.1]
lead for every ¢t > 0 to (16) which can be rewritten in the following form for every ¢t > 0

A~ ps®S (v
Lo(®4(v)) =Lo(v)—/0(ﬂslgg(())df+2(720k )// B(a)®F (v)(a)dads.  (17)

If v & D((A+ F)p) N Xp4+ then we let t > 0 and we use the density of D((A + F)g) N Xp4 into Xp4 (see [12,
Lemma 5.6.7, p. 243]) to compute the derivative of the function Ly along the solution of (1) for the initial
condition v. Thus we can assert that

3 (@")men © (D((A+ Fo) N X )" [0 =)l — 0

where 7™ (S(m) (0, x%)) ,(0 m(m))) € D((A+ F)y) N Xo4. Denoting v(™ (S(m) 70), - a:m))) € Xy

» %m0
and using Propos1t10n 2.3 (4), we see that this sequence satisfies

sup [|[@5(v™) — ®4(v)||x — O.
s€0,t] m—00

Let € > 0 be small enough and m. € N such that

|\5(m) -0y <e, sup ||<I>S(v(m)) —P,(v)||lx <&, Vm>me. (18)
s€0,t]
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Using (9) we get S(()m) > cs — e > 0 for each m > m. so it is clear that the function s — Lo(®,(v(™)) is
well-defined on [0, ¢] and its derivative can be computed as for (16) leading to

s (A — pg®? (v(m
Lo(®4(u™)) :Lo(v(m))—/o( usigfv(<m> ) dé+Z<R0f )// B(@) @ (v™)) () dads

for every s € [0,t] and every m > m.. The goal is to show that

s (A — (I)S
Lo(®4(v)) :Lo(v)f/o Wduz:(%k )// Bi(@)®E () (@)dade.  (19)

For this, we compute for every s € [0, ]

A— q)S (m n s [
Eo(@ )~ Eo(e) + [ :§g<v(<m> de= 3 (R =) [ 7 sttt a)dade

k=1

(A = ps®E(v))* (A= ps®E(0™))?

’Lo(@s(”)) - Lo(q’s(v(m)))| T8 X SuPeeio,g)

ps®i(w)  ps@E(wim)
R
| Lo(v) - Lo(ut) |+Z(”)sx 1Belle sup [ (0) — BE(ul™)]
k=1 r £€[0,s]

Since A is invariant then by using (9) we get ®°(v) € [057 o] for each s € [0,7] and from (18) we deduce that
®3(v(™) € [cs — ¢, ;TAo + €] for each s € [0,t] and every m 2 me. It shows both that

@S<’U) @S(v(m)) s s / S g
S s —Sig |l —=——2 )| < |®%(v) — & (0™ 1 0 J<ef1 0 ) .=
s () - sio (2 < fosto - o) x (14 ) < (14 B ) g

and that

(A= usBE0) (A= psB ()
s ®g (v) pus®g (vim)

< e A)<2Aus+u§<ﬁ)+s>)+<A+MS</”/L\°+E)) = Ka(e)

- pns(cs —e cs(es —¢)

s X Supge[o’s]

Using again (18) we have for every s € [0,t] and every m > m. on one hand that

n

Z/oo\llk@k a)da — i/ U, 0 (0™ (a)da

k=

<D Ikl | @E(00™) — @1 ()]s

k=1

n
S SZ ||\Ifk||Loe = Hg(E)

k=1

leading to
|Lo(®4 (1) = Lo(@4(0™))| + |Lo(®) = Lo(o™)| < 21 (e) + s (<)

and on the other hand that
n R L — n R N —

5 (B Yo xlil sup [0k - <o) (B o ol = )

k=1 £€[0,5] k=1
Since ki (g) — 0 for each k € [1,4] then clearly (19) is proved for each s € [0,¢] whence (17) and consequently

E—

(16) hold for every v € A. Finally, if v € AN (ﬂj:ﬁ 35']-), it is clear that w < 0 for every ¢ > 0, hence
Ly is a Lyapunov functional on .4 N (ﬂ;;i 88j>. O

Lemma 3.2. Letv € AN (ﬂg"> 9S; ) and y(v) :== {¢(t),t €e R} C T'(v) C A be a complete orbit through v. If
Lyg is constant on y(v) then v(v) = {Ep}. In particular, v = {Ep}.

11



Proof. Let v := (So, 21,0, .., Tn,0) € AN (ﬂjii asj) and v(v) := {¢(t),t € R} C T'(v) C A be a complete orbit
through v. Suppose that Lg is constant on y(v). It implies that

d

aLo(q)t(l/J(s))) =0, V(t,s) R} xR.

From (16) we get ®7 (1(s)) = S for every (t,s) € Ry x R (in particular Sy = Sg). Using the S-equation of (1),
we deduce that

/000 Br(a)®f (¢(s))(a)da =0, V(t, s,k) € RE x R x [1,n].
With (5) (second equation) we get
D ((s))(a) =0, V(t s,a) €Ry xR x [0,1].

We remark that
OF ((s))(a) = Py, (¥(s —a))(a) =0, V(t,5,a) € Ry x R x [t,+00)

so it follows that zj o = 0 for every k € [1,n], whence v = {Ey} and result is proved. O

3.1 Case Ryp; <1

We suppose here that n~ = 0 which is equivalent to R < 1 for each k € [1,n]. We now show that A = {Ep}.
Let z € A. By invariance of A there exists a complete orbit y(z) = {¢(s), s € R} C A through z. From Lemma
3.1 we know that Lo(¢(t)) is well-defined for each ¢t € R. Also the equation (16) is satisfied for every v € v(2).
The fact that Ro < 1 for each k € [1,n] implies that L¢ is a Lyapunov function on A (and in particular on
v(z)). Using [17, Proposition 2.51 p. 53] we deduce that Ly is constant on «(¢) and on w(z). Since y(z) C A
which is compact, then v~ (z) := {¢(s), s < 0} is relatively compact on X and non empty. From [17, Theorem
2.48, p.52] the alpha-limit set a(¢) is nonempty, compact, invariant, connected and lims—, _ o d(¢p(t), a(¢)) = 0.
Since Lg is constant on a(¢) then it is constant on every complete orbit v(v) C a(¢) and by Lemma 3.2 we get
a(¢) = {Ep}. Tt follows that

lim d(¢(s),{Ep}) =0.

§—— 00

Using the facts that Lo(Ey) = 0 and that Ly is a Lyapunov function on y(z), then we necessarily get Lo(¢(s)) = 0
for every s € R. Finally {¢(s),s € R} C I'(z) C A is a complete orbit through z € A on which Lg is constant.
Using again Lemma 3.2 we get z = {Fp}. In conclusion A = {Ej} which is GAS on X and the first item is
proved.

3.2 Case Rp; >1

In this section, we suppose that n~ > 1. It remains to prove the second item for k = 1. We first recall the
definitions of the different notions of persistence.

Definition 3.3 ([17, Def 3.1 p. 61]). Let p : X1 — R4 be a continuous function non identically zero. The
semiflow @ is:

(1) weakly p-persistent if
Ve € X :p(z) >0, limsupp(P:(z)) >0,

t——+oo

(2) (strongly) p-persistent if
Ve e X :p(x) >0, liminfp(P:(z)) >0,

t——+o0

(3) uniformly weakly p-persistent if 3 & > 0:

Ve € X :p(z) >0, limsupp(P(z)) > ¢,

t——+o0

(4) uniformly (strongly) p-persistent if 3 € > 0:

Ve e X :p(x) >0, liminfp(P(z))>e.

t——+oo

12



3.2.1 Existence of a global attractor

We start with the following lemma.

Lemma 3.4. Suppose that ns. > 2 and let k € [2,ns]. Let J C [1 4 og—_1,0%]] with J # 0. Let

Ok—1
z € ﬂ 6SJ N ﬂ Sj N m 881
Jj=1 JjET jeEl4+ok—1,0]\T
and let
Ok—1
vz ={st)teRyc [ () as;|n|()Si]n N a8,
j=1 JjET jE€ll+or—1,0]\T

be a complete orbit through z. Let (Q14op 1y Qo) € [0,1]779%=1 such that Y 7*
a; =0 for every j € [1 +U;€,1,U;€]]\._7. Let J*={j € J : aj > 0}. Then:

Hltop_q17-

etop, O = 1 and with

1. The functional L, % defined by (14) is a Lyapunov functional on the complete orbit v(z) and
for each (t,v) € R* X v(2) we have:

dL:1+ak 1o Qo (@t(v)) / 6] ) (@g(v)(a) fOOC ﬁj(s)x;,aj (S)dS) da
AT (20)

dt JEJ* a) [ B;(s)®] (v)(s)ds

e (s ) - 3 / (@)l )(—S*) - G (@F(0) - 55,

j=1+0k

Altop 9oy

2. Suppose that J7* = 7, that is for each j € J we have a;j > 0. Suppose also that L, 18 constant

on y(z). Then y(v) C & 5 (which is defined by (15)). In particular v € & ;

Proof. 1. First we suppose that the assumptions of the lemma hold and let v := (So, %1,0, ..., Zn0) € Y(2).
Since v(z) C 08y then [J V¥i(a)zi(a)da = 0 and 19 = 0. It follows that Lyt () =

L:1+ak 10 ,aok( ) for v : (S()7x2707 ,,,71',”70) where

and with

v ifje 2,04 1]Ul +op,n] orifa; =0
7710 else.

We define @ : (t,0) — (7 (v), ®?(v), ..., ®?(v)) that is the solution of the reduced problem (1) with the
infected populations j € [2,n] and initial condition ©. By recurrence hypothesis the function

is well-defined on R, continuous and satisfy

ALy (By(3)) (a) J5~ Bj(8)25 o, (s)ds
) dt / Pi(a)5a, (@)g (M (a) f;7 B;(5)®] 6)(8)ds> da

iy 1 s i}
—|J*|g< ) Z / B;(a)®i( )( . >da— ~f;5~ (®5(0) — S5, )
j=1+0k Ti (I)t (U)
which is non-positive since % -8 = % - i = #AS(R(I) . Ro - -) > 0 for every j € [1+ox,n]. It

naturally follows that the first point is true.
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2. Step 1. First we know that ®(¢(s))(a) = 0 for every j € [1,05-1] U ([1 + ox_1,0%] \ J) and every
(s,t,a) € R x (Ry)? since y(z) C (ﬂ;’;l aS;) N <ﬂj€[[1+ak_1,ak]]\.7 OSJ) and in particular ;o = 0.

Fltop_qrtoy

Suppose now that L, is constant on (v). It implies that

d oriey g
dt "
From (20) we get ®7(4(s)) = Sz, for every (t,s) € Ry x R (in particular Sy = S3 ). Using (20) and
Assumption 2.1 we deduce that

o (By(d(s) =0, VE>0, VscR.

V(j,t) e T* xRy, J¢i(t)>0: @{(qﬁ(s))(a) = cj(t):c;aj (a), VseR ae. a€ [&, Bj)-
Let (j,s,a) € J* x R x [B;, B;). Using the fact that v(z) is a complete orbit we have
¢j(1)7} (@) = ©1((s))(a) = ®L(d(s + ¢ — D)) (a) = ¢;(()a] o, (@), V(t,1) € (R1)? ae. a €[5, 5)).
whence ¢; does not depend on ¢ and we have
VieJ* 3¢ >0: ®(4(s))(a) = ¢jriq (@), V(s;t) ERxRy ae a€ [&,67)

From (5) and from the latter equation with ¢t = a we see that
1% o, (@) = B (6(5))(0) = BL($(s))(E)e™ KM% e € [0,a]

and

BL(6(5))(€) = @I (d(s))(a)e™ T 1 = i | (a)e™ ST = i (€), VE>a.

These two equations lead to
V(jis,0) € T X Rx Ry : B(6(s))(a) = ¢, (a).
Let ¢ > 0. Since 7(z) is a complete orbit then we have
(6(5))(a) = B(G(t + 5 — @))(@) = €5, () = T 0, (0)

and this latter formula is true for every (j, s, t,a) € J* x R x (R;)?. In particular z,¢ =
j € J*. Now let j € [1+ og,n]. From (20) we get

/ﬂj )07 (6(s))(a)da = 0

for every (s,t) € R x Ry, whence ®/(¢(s))(a) =0 ae. a € 1B B;). As before, letting t = a and using (5)
we get

.
heja for each

0 = ®(¢(s))(a) = DL((s))(€)e = ve € [0,a]
and
PL(6(s))(E) = B (B(s)) (@)™ P =0, Ve a
whence ®J (4(s))(a) = 0 for every (j,a,s) € [1+ox,n] x Ry xR. Let t > 0, since y(z) is a complete orbit
then
o7 ((5))(a) = ®(D(t+ 5 — a))(a) = 0
and this latter formula is true for every (j, s,t,a) € [1 + oy, n] x R x (R4)?. In particular x,¢ = 0.
Step 2. By the first step, looking at the S-equation of (1) we get

A
Z/ Bi(a)x ¢ 0, (a)da = Z/ Bi(a)® (¢ ))(a)da:S* —ps = ps(Rox—1), V(t,s) € Ry xR

JET* JET*

which is equivalent to
> cips(Roj — 1oy = ps(Rok — 1)
JET*
but since Rg ; = Ry, for every j € J* then we get the condition
Z CjOZj =1
JET*

which implies ¢(t) € &, ;. = & 7 for every t € R and this ends the proof.
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Now we prove that ® has a global attractor Ay C A in U7 S,. We proceed in several stages.

p: X4+ — Ry be the function defined by:

o1 B
p(z) = Z/o T0(s)ds

k=1

for every z = (S0, 21,0, ---, Tn,0) € X4+. Let the subsets

So={z€Xi:p(z)>0}=JS  0So={z€X:p(z)=0}=)0Sk
k=1 k=1

We also define the set .
Q= |J w) ={E}u <U 5;;)
2€08) k=2

by recurrence hypothesis. We have the following properties:

Let

1. The set {Ep} and each subset & (k € [2,n>]) are invariant and disjoints. Also, {Ep} is clearly compact

while £ is compact as the image of the compact set

Ok

Qiy ..., ap) €10,1]: a;j=1a;=0Vj €[l,op1]U[1+ o, n
J J
j=140k 1

by the continuous function
(a1, ey ) — ExF

Q50O "

2. (i) Let € > 0 such that

A
S P | (21)
ks
Following the proof of [16, Proposition 4.4.8.(a)], we show that
Vz e M, = {EES(),HZ—EQH)(SE}, Jt>0: ||(I)?(Z)_E0HX > (22)
which implies that
{ze Xy, p(z)>0: Jm P4(2) = Eo} =10
meaning that the semiflow ® is weakly persistent (we note that in [16], the equation (22) was proved for

Z in the intersection, but the same proof works for the reunion). Indeed, suppose by contradiction that

there exists z := (So, 21,0, ..., Tn,0) € Sp such that
[@¢(2) — Eollx <e, V>0
then

A
OJ(2) > — —¢, V> 0.
Hs

Let j € [1,01] such that z € S;, then by continuity arguments there exists ¢ € (f;,00) such that

(;‘S _ 5) /O B,(a)m;(a)da > 1.

Also, using [16, Proposition 4.4.4] we know that there exists 7 > 0 such that

/ 8;(a)®](2)(a)da > 0
0
for every t > 7. Thus we arrive at

O] (z)(a) N 0% (2)(a)

ot da = _Mj(a)q)g(z)(a>7
) A c .
Bi(:)(0) > (us—) / 8,(a)®1(=)(a)da
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for every t > 7 > 7. It follows that ®2(2) € L} (0,¢) \ {0} since
w0 = ([ 5O ede) B nOE >0 vae 0.7 1]
0

and then limy_,o [ ®(2)(a)da = oo (see e.g. [16, Lemma 4.3]) by using the comparison theorem [13,
Proposition 5.2] which is absurd, hence (22) is true.

(ii) Now, let k € [2,n~] (hence we suppose that ns > 2). Let £ > 0 such that

(1 - 5) ry > 1. (23)

Top

As the first point, we can prove that
Vee MM = {28, |2-&lx <&}, FT>0:|P(2) - Ellx > e (24)

Indeed, suppose by contradiction that there exists z := (So, 21,0, ..., Tn,0) € So such that

1
PP (z) > Si —e=— —¢, Vt>0.

Top

Let j € [1,01] such that z € S; then by continuity arguments (since r; = r1 because Ro j = Ro,1) there

exists ¢ € (fB;,00) such that
1 c
< - 8) / Bj(a)m;(a)da > 1
Tk 0

and the same arguments as before lead to limy_, [; ®J(z)(a)da = oo which is absurd, hence (24) is true.

. (i) We prove that {Ep} is isolated i.e. the maximal compact invariant set of a neighborhood of itself
(this neighborhood being called an isolating neighborhood). Indeed, let € > 0 be small enough such that
(21) is true then following the arguments of [11, Proposition 2.4] (see also [7]), we can prove that the ball
centered at Ey and radius ¢, denoted by Bx(Fjy,¢), is an isolating neighborhood of Ey. To prove it we
let K C Bx(Ep,e) be a compact invariant subset of Bx(Eg,¢) and let 2 € K. We need to prove that
K = {Ey}. If 2 € M, then clearly, from (22), it follows that K is not invariant, whence z ¢ M, i.e.
z € 08y. First we prove that

Kc () 0. (25)

kE[[l,o‘n>]]

If ns = 1, then (25) is true by definition of 9Sy. Suppose now that n~ > 2, that z € Uke[[1+al,a'n>]]8k and

also that
. 1 A 1
€< Sy — max — s =—|1—- — .
k€[l,on.] | Toy Hs mlnk€ﬂ1,0n>]]{R0,ak}

Let k = min{j € [2,n>] : 2 € Use[i4o,_,,0,)8s}. By invariance of K and since z € Sy C 9Si, then
denoting z = (So, 1,0, ..., Tn,0) We necessarily have 219 = 0 and ®}(z) = 0 for every t > 0. It follows

that the function t — (®5(2), ®?(2), ..., ®7(2)) is solution of the reduced problem (1) with the infected

populations k € [2,n]. By recurrence hypothesis we deduce that ®;(z) =2 & hence ®(z) = L
—00

—o00 Tog

This is absurd since S§ — % > ¢ (thus ®,(z) € Bx(Ey,¢) for t large enough and consequently K is not
ok
invariant). It follows that (25) is true.

Since K is invariant, there exists a complete orbit vy(z) = {¢(¢),t € R} through 2. Using Lemma 3.1 and
(25) we deduce that Ly is a Lyapunov functional on y(z). As in the case Ro,1 < 1 we deduce first that Lo
is constant on a(¢) and by using Lemma 3.2 that a(¢) = {Ep}. Secondly, we deduce that Ly is constant
on v(z) which leads to z = {Ep} by Lemma 3.2. Finally K = {Ey} and is isolated.

(ii) Suppose that ns > 2 and let k € [2,n-]. We prove that & is isolated. Let € > 0 be small enough
such that (23) is satisfied and such that

1 1
T‘j Tk

L1 , {
Spg—— >e, min
Tk j€ltnsTN{k}

Let K C Bx(&f,¢) be a compact invariant subset and let z € K. If 2 € MP¥ then from (24) it follows
that K is not invariant, whence z ¢ M i.e. 2z € 9S,.
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Step 1. We prove that

Ok—1 Ok
zelNosi|n| U si)- (26)
j=1 j=140k-1

We already know that z € 0So. If 2 € Uje[i46,,0,_,)S; then by recurrence hypothesis we would have
Dy(2) = &, for a j* € [2,k —1]. Thus o7 (2) v % which is absurd since |— - —\ > ¢. Suppose
now that z € Njeqi40,_,,0,]9S;, then either ®;(z ) tjo & for j* € [k +1,n5] Wthh is absurd with the
arguments above, or ®;(z) = Eq which implies ®7 (z) = Sg and this is also absurd since S§ — % > €.
It follows that (26) is satisfied.

Step 2. Let J C [1 + ox_1,0%] be the (non-empty) subset such that

S ﬂ Sj N ﬂ 68]

JjET jell4+or—_1,0]\T

Since K is invariant, there exists a complete orbit v(z) = {¢(t),t € R} through z. Still by invariance we
have ¢(t) € ﬂngSj and ¢(t) € Njeq,0,)\70S; for every t € R. Let (140, Qo) € [0, 1]7#77%=1 such
that Zj lton_ ) =1, with a; = 0 for every j € [14 0x—_1,0%] \ J and with a; > 0 for every j € J (for

example o = |j| for j € J). We know by Lemma 3.4 that L, ek %k ofined by (14) is a Lyapunov

functional on y(z). A consequence of [17, Proposition 2.51, p. 53] is that L, ~**""""* is constant on

a(¢) and on w(z). Following the arguments used in the case R < 1 we deduce that a(¢) is nonempty,

compact, invariant and lim;_, . d(¢(t),a(¢)) = 0. Since LZHU’“‘“"’%'“ is constant on every complete
orbit v(v) C a(¢) then we can use Lemma 3.4 to obtain a(¢) C & ;. Similarly we get w(z) C & ; and
then

lim d<¢<t)7 51:7‘7) = t—ligloo d((b(t)a gl:,j) =0.

t——o0

Step 3. We prove now that there exists (Ex* _ ExF | )e (&; )7 such that:

Wi,

lim ¢(t) = E5F lim o(t) = E5*F . (27)

t—— 00 Tn t—+oo Wi, ,Wn

JE5F ) € (a(¢))? such that (71, ..., 7) # (71, ..., T)-

Tn T1seesThy

Suppose by contradiction that there exist (Eilk )
By definition of & ; we have
T=71,=0 Vje[l,n]\J

thus we arrive at the assumption
! !
(7_1+Ulc—1 ) Tdk) # (7—1—&-0,6,1 y s To'k)'

Firstly we prove that for every j € J we have 7; = 0 <= 7/ = 0. By contradiction suppose that there

exists j € J such that 7; = 0 and 7; # 0. Then we use the functional Ly Y Qefined by (14)
where a; = 1 and oy = 0 for every s € [14+04-1,04]\{j}. Using Lemma 3.4 this is a Lyapunov functional
on v(z), and as explained in Step 2, it should be constant on «(¢) implying that

Xltop_qsH®oy, w,k _ g Xdop g Qoy *,k
L (B=F ) =1L, (B2 )

5o Thy

since (EF E5* ) € (a(¢))? On the other hand we have

Tl Tn? 7Ty, n
o
L:1+ak Lo Qo (E;kllf ’Tn) _ / \Ijj(a)/ii (RU,j — 1) 7Tj( Tj da + Z / L 'rS a)da =00
0 j seI\{i}
and
Lzl+0k71""7aak (E:l;]f)T;L) — / \Ij](a[)l:‘—s (Ro,j — ].) 7Tj( da + Z / )da < 0
o j seI\{i}

which is absurd (the same proof works for 7; # 0 and 7} = 0).
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Secondly we prove that for every j € J we have 7; = TJ/- . For this, we decompose the set J as J =
j: [ j> (] j< where

J-={jed 7 =1} JIs ={jeJd 7 >1}, T ={jeJ 7 <7}
We see that
J-#J, T=#7T, J<#JT, T=-#0, JT<#0

since (71, ..., 7) # (11, .., 7)) and Y. 75 = 2, 7 7/ = 1. We use the functional L, SRS Qefined

n
by (14) where for every j € [1 + ok—_1, 0%]] we put
Tj .
J if VRS j>
o = Zs€]> Ts
0 otherwise.

so that 3. 7 a; = 1. Then we compute

LZH% 1o Qoy, E* k Z / ROJ 1) a;mi(a)g <Z:> da
J

JET>

+ Y /0 W, (a)z5,, (a)da

JEI\T>
and

[e ST ERRERLE T4 5
Lk1+ k1 k ( 717 . § / RU,J )Oljﬂj(a)g (;) da
J

JET>

+ > / -(a)da.

JET\T>
On one hand we have 7; > 7']'- (and necessarily Tj/- > 0 by the first point) for each j € J~ leading to
o[ T o2 =2
I T 2 | = 3
g o g s g 7 s g a;
EISNS s€J>
since g is decreasing on (0, 1] and by using the following inequality:
12 n>2 Y nzo
sE€ET~ SE.7>

On the other hand we see that
oo oo
[ vt @de < [T w0 (@)
0 0 ’
for every j € J\ J> = J= U J<. It follows that

Xldop_qQoy *,k Xldop_qsoy *,k
L, (E ) <L, B L

Tl 7'17
which is absurd since L:Hg""‘l’m’aa’“ is a Lyapunov functional on (z) by Lemma 3.4 and as explained
before it should be constant on «(¢) that is to say

Qlgop 110, .k  pQidop g Qoy, *k
L (B2 =1L (BZ: )

T1ye5Tn TiseerTh

We deduce from this that a(¢) is reduced to a single equilibrium, that is:

alp)NE 7 ={ES" .}

Similarly, we may prove that



Thus (27) is satisfied and the complete orbit v(z) is either a heteroclinic or a homoclinic orbit.

Step 4. We now prove that
EXF L =ENE (28)

T1yeeey Tn Tyeeny W,

which amounts to prove that 7; = w; for every j € J. Similarly to the third step, we define the sets
I ={je T 1 >w;}, T ={je T 1 <wj}.

Suppose that J~ # (). We use the functional L:HU’“’“”"%’“ defined by (14) where for every j € [1 +
Ok—1,0%] we put

Tj P

if RS j>

o = Zs€J> Ts

0 otherwise.

so that } .. ; a; =1and a; > 0 for every j € J> since 7; > w; > 0. The same computations as in Step
3 lead to N N N N
1+op_ 1190 & Itop_ 110y, k
Ly (B ) < Ly (L)

1+op 1oy

with the right term being equal to 4o0 if w; = 0. This is absurd since Lz is a Lyapunov

functional on the complete orbit v(z) by using Lemma 3.4 whence we should have

LZIJF"k—l""’aGk (E*,k ) > Lzl+6k—1""’0‘0k (E:,k )

T15-3Tn 15e-5Wn

It follows that J~ = 0 whence 7; < wj for each j € J. If J. # () then we would have

1:ZTj<ij:1

Jjeg JjeT
which is absurd. Consequently J. = () and then 7; = w; for each j € J which amounts to (28).
Step 5. Finally we end up with v(2) = {¢(¢),t € R} being a homoclinic orbit through z € K with

. _ *,k — 1
tilr}loo o(t) = B = tilgrnoo o(t)-

As in Step 2, let (Q14oy 15w A, ) € [0,1]777%1 such that 377, a; = 1, with a; = 0 for every

Jj€[l+ok-1,06] \ J and with a;; > 0 for every j € J. From Lemma 3.4 we know that LZHU’“’““"(X“’c
is a Lyapunov functional on 7(z) that is an homoclinic orbit (see the latter equation). It implies that
LZHU’“’““"%’“ is constant on (). Again by Lemma 3.4 we deduce that y(z) C & ; and then z € &; ;.

Hence K C & and this latter set is isolated.

. We prove that the set

{Eo}. &5, .8}
is acyclic (see [17, Definition 8.14, p. 187] for the definition). Let z € Sy and let v(z) = {¢(t),t € R} C
08y be a complete orbit through z.

(1) Suppose that lim;_, o ¢(t) = Ey. Since y(z) C dSp, then by looking at the reduced problem (1) with the
infected populations k € [2,n~] we deduce from the recurrence hypothesis that necessarily z € ﬂjii 0S;
(otherwise we would have lim— 100 d(¢(t),€;) = 0 for j € [2,n] which is absurd). Consequently
~v(z) C ﬂj;i 0S;. By Lemma 3.1 we know that Ly defined by (13) is a Lyapunov functional on v(z).
It follows from [17, Proposition 2.51, p. 53] that L is constant on a(¢) and on w(z). From the arguments
above (see the case Ro1 < 1) we deduce that a(¢) = {Ep} and that Ly is constant on v(z). By Lemma

3.2 we deduce that v(z) = {Ep}.

(ii) Suppose that ns > 2 and that there exists k£ € [2,n-] such that lim; ., d(¢(t),&;) = 0. Again,
by recurrence hypothesis we necessarily have z € (N7'0S;) N (USE,,,, | S;) (otherwise we would have
limy oo d(9(t),EF) = 0 for j € [2, k—1] which is absurd). Following the proof of the point 3.(ii) (see Steps
2-5) by first defining the subset 7, then proving (27) and (28) we arrive at y(z) being a homoclinic orbit
through z € & ; C &;. We just proved that the set {{Ev}, &5, ...,€;>} is not cyclic and consequently
acyclic.

Combining the four previous points with the existence of a global attractor A C X (by Corollary 2.4) imply

from [17, Theorem 8.17, p. 188] that ® is uniformly weakly p-persistent. Actually, from [17, Theorem 5.2, p.
126] we know that the semiflow is uniformly strongly p-persistent. We note here that we could have used [7,
Theorem 4.2] since ® is bounded dissipative by using Corollary 2.4. Finally from [17, Theorem 5.19, p. 138]
(which can be used here since A is a strong global attractor) we deduce the existence of the global attractor Ag
in U7* | Sk which is LAS.
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3.2.2 Lyapunov functional

Let J C [1,01] and K be a compact invariant such that K C (Nke7Sk) N (Mke1,0,\79Sk). Let (ay,...,an) €
[0,1]™ such that E! € &1 7. We prove here that the functional L77% defined by (14) is a Lyapunov
functional on every complete orbit v(z) for any z € K.

1. We first show that L7""“" (®,(2)) is well-defined for every (t,z) € Ry x K. Using (9) we have ®7(z) €
[cs, I%] for every ¢ > 0. In [16, Proposition 4.4.4], it was proved that for every (z,k) € K x J, there exists

7 > 0 such that -
/ Bi(a)®F (2)(a)da > 0, V> T
0

We now proceed in three steps.

Step 1. We prove, as it is claimed in the proof of [16, Proposition 5.1] (but without proof) or in [15,
Proposition 2.3], that 7 is uniform in z, i.e. for every k € J then

37, >0, VzeK: / Br(a)®F(2)(a)da >0, Yt > 7. (29)
0

To show this, let k£ € 7 and first assume that 8j, < +oc. Defining ¢ = (B + Bi)/2 then:
(i) There exists § € (0, — Bx) such that f(f?k_é ®k(z)(a)da > 0 for every z € K. Indeed, otherwise
by contradiction one gets a sequence (6,,2,) C ((0,¢ — B) x K)N such that lim, o 6, = 0 and

O'kats" ®k(2,)(a)da = 0 for each n € N. By compactness of K there exists (up to a subsequence)
Z € K such that lim,, o ||z, — Z||x = 0. But then

B
(bg(zn)(a)da + /7 @IS (2)(a)da

Brk—0n

Br—0n

Br—06n
s/o !@’5<z><a>—¢>’s<zn><a>\da+/o

< 7 = 2allx + 125 @xg_s, 5yl — 0

n—oo

B
/ 85 (2)(a)da
0

by the dominated convergence theorem, whence foﬁk ®k(z)(a)da = 0 which is absurd since 7 € K C
Sk.
(ii) For every z € K, there exists @ € [0, B, — 20] such that fEH ®k(2)(a)da > 0 (otherwise there would

a

be z € K such that foﬁk_é ®F(%)(a)da = 0 which contradicts the first item).

(iii) For every z € K, there exists to € [0, 4 (] such that fﬁ%ﬁ_& ®F (z)(a)da > 0. Indeed, if @ < B then

to := B — a works because

Br+6 a+s
/ﬁ B (2)(a)da > eWolo [ Bk ()(a)da > 0
l a
by the second item. Otherwise (if @ > i) we can take to := ¢ + 3¢ and we get
Bu+o Br+s
@fo(z)(a)da > e Hofk (I)?o—ﬁk (2)(a — By)da
B B 7 o

o
26_“0&/0 X (2)(a)da
1
> om0 ol (2)0)da
0
) a+25—a
e [Cof @) [ ok (:)(©deda
0 a+d—a

5 a+20—a
> Cse—uo(ﬁi+6) / e—Ho(6—a) / Bk(f)@’é(z)(é — 6+ a)déda

0 a+d—a
5 a+s
> cge Ho(Brto) / e Ho(6—a) Br(§+0— a)@é(z)({)d{da >0
0 @

due to the second item and the fact that £ + 8§ — a € [@,@ + 26] C [B, B)-
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(iv)

(v)

(vi)

(vii)

(viii)

We observe that for every ¢ € [tg, to + ], we have:

B +o+t—to
OO zes [ A )da
737,”4-54-:& to
> e / Bu(a)®" (2)(a — (¢ — to))da
Br+t—to
Bi+d
> cs Brla+t —to)®f (2)(a)da > 0
Br.

since a + t — to € [Bi, B + 26) C (Bk, Br) by definition of § and we deduce that ®}(z)(0) > 0 for
every t € [to,to + 0].

Similarly, for every t € (to + Bg,to + Bk + 26), we see that:

Bu+6

®;(2)(0) > cs ; Br(a)® (2)(a)da

Br+5
> e /ﬁ Bi(a)®_, (2)(0)e 0%y 0.4 (a)da

Pk

t—PBu
> cg / Br(t — a)®*(2)(0)e o= dq
t—(Bx+9)

min{to+0,t— B}
> Cs/ Br(t — 8)®F(2)(0)e =) ds > 0
max{t—(Bz+9),to}

for every ¢ € (to + By, to + B + 20) since ®%(2)(0) > 0 for every s € [to,to+ 6] and t —a € [Bx, B + 9]

The same computations prove that for every n > 0 and every t € (to + n8k,to + nfi + (n+ 1)0) w
have ®F(2)(0) > 0. Let N = [$;/d| so that N§ > S, then it follows that

F(2)(0) >0Vt > to+ Ny

In conclusion, we proved that for every z € K, there exists ¢y € [0, + (& such that ®§(z)(0) > 0
for every t > to + NS with § € (0,¢— i) and N = [S;,/8]. It then leads to

Vze K, ®f(z)(0)>0, Vt>35+(N+1)p

which implies (29) (here 7, = 6 + (N 4 1) is independent of z).
The case By = oo is treated similarly. We just have to let § = 8. We prove as (ii) that for every
z € K, there exists @ < oo such that faH ®k(2)(a)da > 0. Then as in (iii), we prove that for every
z € K, there exists tg € [0,6 4 8] = [0,283]) such that fQBk ®f (z)(a)da > 0 (in the case @ < S
we may consider tg := ﬁk — @ and in the case a > ﬁk we may consider tg = Qﬁk) We also prove
(iv), i.e. ®F(2)(0) > 0 for every t € [to,to + 0]. The step (v) is similar, while in step (vi), we have
N = [Bs/6] =1 so that

F(2)(0) >0, Vt>to+ B
Consequently, (29) is still true with 7, > 30;.

Step 2. By invariance of K we deduce that for every (z,k) € K x J, there exists a complete orbit

{#(t),t € R} C K through z leading to

/Oooﬁk(a)cbg daf/ Br(a (I)O da?/ Bi(a —?)(a)da > 0

by using (29). Since K is compact then a continuity argument implies that

Vke J,3¢, >0, Vze K : / Br(a)®k(2)(a)da > ¢y,
0
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Again, by invariance of K, we deduce that for every (z,k) € K x J, there exists a complete orbit
{6(t),t € R} C K through z leading for every ¢ > 0 to

[ a@ete@da= [ a@ekeo)@d = [ a@eken) @i o
0 0 0

that is to say
Vke J,dc;, >0,¥t>0, Vz e K: / Br(a)®F(2)(a)da > ci. (30)
0

Now we claim that

Y(t,a,2,k) € Ry)Z x K x J: ®F2)(a) > csermi(a) (31)
where we remind that cg is defined in (9). Let k € J. The proof is similar to [16, Proposition 5.1.2] but
expressed on K rather than on the omega-limit set of some initial condition of Sy, hence we give its proof
for completeness. Let (t,a) € (Ry)? such that ¢ > a. From the expression of the semiflow (5) combined
with (9) and (30) we get (31) for every ¢ > a. Suppose now that ¢ < a. Once again by invariance of K,
we know that for every z € K, there exists a complete orbit {¢(t),t € R} C K through z leading to

®f(2)(a) = 25 (6(0))(a) = @51 (6t — (a+1)))(a) > cscrme(a)
and (31) is proved.
Step 3. Let J* = {k € J : a > 0}. We prove now that

2

Jep >0, V(t,a,z,k) € (Ry)Z2x K x J*: (m-1) < co. (32)

Let (k,t,a) € J* x (Ry)%. We deduce from (31) that

Ve K - OF(2)(a) CSCRTE:

* > =: ék >0
Lk an (a) usak(RS -1)

leading to

(qm—l) < 12+1<oo

which proves (32) when considering
1
Cq>=IH&X{~2+1}.
keg* | ¢

Step 4. Let (t,a,z,k) € (Ry)? x K x J*, then from (32) we get

k z)la
P ()9 (W) = 4} 0, (@) (i

k,ock

by using the fact that In(z) <z — 1 for each « > 0.
Step 5. Finally, from (33) and using the integrability on R of the functions

ar— Up(a)®(2)(a), V(t,2) ERy x K

for each k € [1,n], it follows that (¢, 2) — L"

(oS e Y !

. We prove that L; is a Lyapunov function on every complete orbit y(z) for any z € K. This
amounts to showing that L‘fl’""%l is a Lyapunov function on each positive orbit v (z) for every z € K.
Let z := (S0, 1,05 -, Tn,0) € K and let Z:= (Sp, (0,21,0), -, (0,25,0)). We will follow the sketch of proof
of Lemma 3.1 (for the case Ro,1 < 1), which is here more tedious because of the shape of the functional.

(P4(2)) is well-defined on R4 x K.
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(i) Suppose first that z € D((A + F)g) N Xo4 where D((A + F)g) is defined by (2). Then using [12,
Theorem 5.6.6, p. 242] we can compute the derivative of the function ¢t — L7771 (®,(2)) according to

t (which is well-defined due to the first point) since ®¥(z) belong to W11(0, oo) for each t > 0 and every
k € [1,n]. Similar computations to the case Rg 1 < 1 (see (20)) lead to

dL} C;: (®u(2) _ 3 (:k —5;1) /000 6. (0) 8 () (a) da (I)S( )((I)S( 2)— 5% )2

k€[l4o01,nJU(T\T*)
(S N L C I WA
70 (557) = 5 | Auerstantos (x;;,%m)fo""ﬁk<s><1>f<z><s>ds>d =0 e

since i >S5 = i for every k € [1 + o1,n] and i = i for every k € [1,01]. It can be rewritten in

the following form:
LIV (@y(2) = Ly () - Y < — 5 >/ / Bi(a)®¢ () (a)dadg

k=140
S*
o1 d
7 (2) > ¢

- [ 3k @@ - sk 17 [ (

_ [T a)zy . (a fO Or(5)T% 0, ()ds a
> SUI/O /0 Br(a)zy, o, (a)g (wk,% ) I BB () () )d de (35)

keJg*

(i) Now, suppose that Z & D((A+ F)) N Xp+. We will use a density argument to compute the derivative
of the functional L]"""“"" along the solution of (1) for the initial condition z. However, taking a sequence
of initial conditions in D((A + F)) N Xoy is not sufficient for the functional L7 """ to be well-defined
because similar estimates to (31) are necessary for the sequence of initial conditions. Hence we will build
a suitable sequence.

Step 1. Let t > 0 and j € J. We know by (31) that ®%(2)(a) > cscxmi(a) for every (s,a,z,k) €
(Ry)? x K x J. We define

v = (S’Oa j1,07 ceey jn,o) ) i}\ = (SO’ (05 jl,O)v weey (Oa -i‘n,()))

where -
& _ So [y Bila)zjo(a)da —v
0 — [ v
Jo Bi(@)zjo(a)da -
wd [5° Be(@)aol@)
vk Jo Brla)zko(a)da £k
~ - [$9) € ‘7
Fro=14 T T ™G a)zs0(a)da
0 ifkel,n]\J

with v > 0 small enough such that v € X, and ¥ € Xy (which exist by using (31)). Here we use the
density of D((A + F)p) N Xp into Xy to assert:

3 (3™ )men € (D((A+ F)o) N %)< 3™ ~ Bl — 0

where 5™ = (S{™ (0, xgm)) ,(0,2™)Y)) € D((A+ F)o) N Xoy. Since d is state-continuous uniformly

»%n,0

in finite time (see Proposition 2.3 4.), then the sequence v(™) = (S(()m Jc%),. " Ezo)) € X, satisfies

sup [[@,(v"™) = ,(v)]x — 0.

s€[0,t] m=—00

Now we define the sequence (@("™),,cn := (S(M),( »7%)) (0, 7(" ) men € (Xoy )N where

5m _ S§™ Jie »33 " (a)da + v
0
fo Bj j,O ( )da+ Sif
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and

oy, VT Jo Br(@)2ig) (a)da
(m) Tro

Ty = I Bj(a)xgj{;) (a)da
0 if ke [1,n]\J

iftkeJ

which is well-defined since we have [;° 3; (a)xg.nol) (a)da — [ Bj(a)zjo(a)da — & > 0 by definition
’ m—00 J

of v. It follows that [;° Bj(a)xg-jg)(a)da > 0 for each m > 0 (up to a sub-sequence). Recalling that
xR0 € OSy for every k € [1,n] \ J (by definition of K) and by invariance of K, then zjo(a) = 0 f.a.e.
a > 0. By construction we then see that lim,, ..o H@(m) —Z|lx = 0 and lim,;, ||w(m) — z||x = 0 where

w™ = (?ém),fgrfé), ") e X,

i) nO

leading to
sup || @, (w™) — ®,(2)[x — 0. (36)

s€[0,t] m—+00

We now check that @(™) € D((A+F)g). Since @™ € D(A), it remains to prove that A + F(@(™)) €
XO i.e.

vkeg, zW0)=5," / Bi(a)z\"y) (a)da (37)

Knowing that 5™ € D((A+ F)y) then by construction we have for every k € J:

—(m) (m) v fO fk’ xk O ( )da fO k a a’ ( (m) (m) >
Z, o (0) = (0) + Bi(a (a)da + v
w0 h0 fo Bj(a »0 ( )da fo Bi(a)x:,y (a) / !

(m)
fo ﬁk xko a)da
i By(@al) </ e )da+5*>
v (m) d
(m) (/ Br( ﬂfko a)da + (/ Br(a ) ffo B/BJ (()zlaa>
o Bil
<m> / Bula x]%) (a)da

so (37) is satisfied and (@("™),,en C (D((A + F)o) N Xop ).
Step 2. Let € > 0 small enough such that

VkeTJ: cp—¢€llBrllre >0 and cg—e>0 (38)
holds. We show first a property analogous to (31) which is

Jey >0,IM € N,V(s,a,k) € [0,t] x Ry x J,Vm > M :

F(w™)(a) > cpmi(a) and sup ||By(w™) — B (2)|x < e. (39)
s€[0,t]
Let k € J then
o m ) v [2° Br(a)zk,o(a)da 0o
Iy Bulael @ I Ao~ SHERGE g puaralda
i 5j<a)33%)(a>da meree Io Bila)zjo(a)da — s; S Bi(a)zs0(a)da

By definition of T xk 0 and by using (5) we deduce that there exists My € N and ¢, ; > 0 such that for
every m > Mj, and every (s,a) € [0,t] X [s,00)

L (w™)(@) = 7Y (a = s)e” im0

(m) 00 (m)
> vmp(a — s)e” Jame 1O (fo o z?ni)) (a)da> = vk (a) <fooo ﬂk(a)xiﬁ) (a)da>
fO Bja)xj o (a)da Jo Bjla)z; g’ (a)da

> Cy pTR(a).
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Considering ¢! = minge 7{cwr} > 0 and MY = maxge7{M;} then ®*(w(™)(a) > D (a) for
every m > M®) and every (s,a,k) € [0,t] x [s,00) x J. From (36) there exists M € N such that
SUP,e(o,4] [@s(w™) — ®(2)||x < e for every m > M) and every k € J. Also, using (30), we see that
for each k € J we have

| @stom@d = [ su@obeadat [ o (25 0™)@ - 95:) @) da
> ¢ —el|BrllLe- (40)

for every s € [0,] and every m > M(?). Moreover by (9) we have
A
€+ o >e+0w) >0 (w™) > d5(w) —e>cg—e, ¥Ym>M3P (41)
0

and using (5) we have
¥ (w™)(a) > (cs — €)(ck — €l Brll Lo )mr(a) =: cc pmi(a)

(wherein c., > 0 by (38)) for every (s,a,k) € [0,¢] x [0,5) x J and every m > M®). Considering
P = minge 7{c. 1} implies that ®*(w(™)(a) > cg)wk( ) for every m > M@ and every (s,a,k) €
[0,t] x [0,s) x J. Finally, considering ¢,, = min{c&,}),cw)} and M = max{M® M@} prove (39). We
then get

BwM)a) _  eur

V(s,a,k) € [0,t] x Ry x J*, Vm > M : " >
" T o, (@) psar(RE —1)

=:¢ > 0.

Following the steps 3-4 of the first point, we deduce that
eEw™)@)) _ 1
* RS VANVN I LI PMCO) 1
xkﬁak: (a)g < xz’ak (a) = s(w )( ) (Ck + >

for every (s,a,k) € [0,t] x Ry x J* and every m > M. Using (39) we see that for each k € J we have

oo

0< /00 U (a)®F (w™)(a)da < ]| Uy L +/ Up(a)®*(2)(a)da, Vs € [0,t]
0 0

which implies that s —s L7 (&, (w(™)) is well-defined on [0,¢] for each m > M. It follows that we
can compute its derivative as in the first point of this section (in the case where the initial condition is in
the domain of the operator), leading for every s € [0,t] and every m > M to:

ALy Qo m A1y Q0 m - 1 * s > m
L5 (@, (M) = L8 (M) 3 (m—sal) [ [ ok

k=1+0,
—/0 W(‘I’g( ™) — S; )2dE — U*|/ ( (m))>d§

= " ¢ (w™)(a) f~ Br(s)7} o, (5)d
-3 | si [ e, @ (xk fo R o) d>dad€ (12)

Step 3. It remains to show the formula (42) but for the initial condition z instead of w(™). Let ¢ > 0
small enough such that (38) is satisfied. Let m > M (where M is defined in (39)). We thus compute for
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s €0,t]:

n

@ @) - @ 3 (s [ ek

k=140,
* s S
o[ gy @i s [ (

>d€

a)xy . (a 3 fo Bk(s)l‘z,%(S)ds .
+ > / /0 Br(a)zy o, (a)g (:L‘Z,ak(a) I ﬁk(S)q)]g(U)(s)d5> dadé¢

keJg*

Hs(z) =

< [LEn @) - L @] £ () L5 ()|

+3 (L8 ) sl smp 106) - 0E i,

k=140 £€0,5] )
X (2™ - 55)" (2¢)-s3,)

SiLS X SUPgeig s

O B (wm) 5 (2)

+5|T7 i 5,

s sup |g —g| 22—

ceosl | \PE(2) ‘Ps(w(m))

+sS,, sup / Bk (a a:kak a)lg

£€0,s] kEJ

¢ (2)(a) [y~ Br(Q)a a0, (O)dC
xZQk foooﬁk k(z <d

L, (@’“ (w™)(a) [y ﬁk (O, (S)d )

o () Jo Be(Q)PE(w™)(()dC

From (39) and (41) we get

&S (wm) 25 (2)
* s B <C s <
S“"( Sz, ) S”lg( Sz, )‘

<ex (1—1—5‘71 ) =: Kk1(g)

Cg — &

S (™) — 05 (2)| x <1 N 5)

Ccs — €&

and

2

ke[14o01,n]U(J\T*)

< > 15l o= |95 (2) — @E(w ™)1 < e > [kl =: ra(e)

ke€[l4o1,nJU(J\T*) ke[l4+o1,n]JU(J\T*)

/ " () (=) (a)da / " (@) (0™ ) (a)da
0

0

for every s € [0,¢]. Using (31)-(39), we can define ¢ = minge 7{cy, csci} so that for every k € J* we have

®5(2)(a) cry ok (wl™)(a) cry
T 0 (@) T us(Row —1)" .. (@) 7 ps(Rox —1)

for every s € [0,t] and every a > 0. It follows that

o O gy [ vt (g [ EE@Y

kezj:* /0 \I/k(a)'rk,ak (a)g (x]tp% (CL) > d /0 qjk( ) k,ak( )g ( x;‘;,ak (a) ) d
(2)(a (w(™) (a —

< Z H‘I’kHLw/ Th (@) 2. () )— 2. ( )(a) X (1+HS(RO,k 1)>da

o T o, (@) T o, (@) crg

:uS(R k 71) m
< 3t (14 2P k) - @)

keJ*

ps(Rox — 1)
Cri

< eulo~ (14 )2 =il
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for every s € [0,¢]. Furthermore, from (39)-(41) we deduce that

> Il (=55, ) s sup [o4(:) - O™ e,

k=140, £€[0,5]

- 1
< > 1Bkl (7'k = S;l> t x e =t kq(e),

k=140,

S* |j*| S:.l Sél
894, SUD¢clo,s] |9 9\ =5 o
T\ 28) ¢ (w™)

1 1 A
* )2 * —

* * 1 A JE—

and
2 2
Sis X sup (@f(w(m)) B S‘;) (CIDE(Z) B S‘jl)
s _
£€(0.s] oZ (wlm) Z(2)
2 2
S m * S *
’(@5 (wm) = 85,)" = (9§(2) - 52,) (a5 s )2 . .
<tpg X sup + (P2 (w'™) = S —
cel0,s] g (2) ¢ o|98(2) @ (wim)
25 e+e(2L 1) e(e+ 22)2
< tus : (”0 ) + ( ”O) =: Kkg(e)
Ccs Cs(Cs — 6)

since Sy < % and by using (9). Moreover using (6) and the fact that K is compact and invariant lead
for each k € J* to [~ Br(§)x} ,, (£)dE = 5= and
9 < k

- k(s Alellz~ [ F (™) N A
/0 LD () e < =% /0 Br(£)B (w™) (€)de < (1B (”m))

for every s € [0, t] then using (30) and (40) it follows that

k z)a o0 x*k
sS;. sup / Br(a)ry, o, (a )| <ff( X )fgo Bild) k’ak(g)dg>
kak

56[08 keT* , fo ﬂk k( )(C)dc
() fo Br(Q)t o (O)C
I\ o fo B (O)BE(w™) (Q)d

da

pock(ck — €|l BllL=) T o

< s / Bl g (wm™)( fo ﬁk )0, (dC  PE(2)(a) 5" Be(Ox 0, (O)dC da
B €€[0,s] keJ* kak fO /Bk @k(w(m))(C)dC mk,ak a) fo /Bk C)(I)IE(ZXC)dC

<tS?. ( + (A+€M0)||5k||L°OMS(R0,k - 1)510%)

Crifo
o0 Ok (w(m)(a) ®k(2)(a)

< u Ev d = ¢ - —= d da
< w2 (/ Bl e () C)/ T B QR Od T Br(OBE ()

«tsz (14 (A + e[| Bl oo prs (Ro,k — 1) STou

A (A + £p0) 81 15(Ro. = DS

-y Z (gﬁk|Loc el Be|17 ) (1+ #0) 1Bk || L= s (Ro,k 1%) —

keJg*
Finally, from (43) we deduce that

<
2 Z RJ 8—)0
uniformly in s € [0,t]. We thus get H,(z) = 0 and then (42) is satlbﬁed for any s € [0,t]. Also, since t > 0

was taken arbitrarily then (34)-(35) hold for any ¢ > 0 whence L “71 is a Lyapunov function on every
complete orbit v(z) for any z € K which proves the second pomt
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This proves the second part of the second item of Theorem 2.5.

3.2.3 Computation of the global attractor and conclusion
Here we prove that A is reduced to the set £f. We first need to state the following result.
Lemma 3.5. Let J C [1,01] with J # 0. Let

S m Sj N n (98]

JjeJ Jell,or]\T

and let

v(z)={e(t),teR}C | [)S; ] N N 9s
JjET j€ll,o1]\T
be a complete orbit through z. Let (ai, ..., ) € [0,1]7 such that 3771, oy = 1 and with aj = 0 for every j €
[1,01]\ T and a; > 0 for every j € J. Then the functional Ly, """ defined by (14) is a Lyapunov functional
on the complete orbit y(z) and for each (t,v) € R% xv(2), the time derivative of t — L;"""“"1 (®4(v)) is given
by (34), with J* = J. If moreover L, """“"* is constant on ~(z) then ~(v) C &} 7 that is defined by (15). In
particular v € &7 .

Proof. The first part of the Lemma simply results from Section 3.2.2. For the second part (when the Lyapunov
functional is constant on v(z)), the computations are similar to those in the proof of Lemma 3.4 (second
item). O

We first know that £ C Ag since £F is an invariant set that belongs to Ag. Let z € Ay. By invariance of
Ao, let v(z) = {¢(t),t € R} C Ap be a complete orbit through z. We denote by J C [1,01] the (non-empty)

set such that
ZG(ﬂ Sk>ﬁ ﬂ IS, | =: K.

keJ ke[l,01]\T
Then we have ¢(t) € K for every ¢t € R by positive invariance of each set S, and dSk. Let (a1, ..., o, ) € [0,1]72
such that 3371, o = 1 and with a; = 0 for every j € [1,01]\ J and a; > 0 for every j € J. From Lemma 3.5,

we know that L‘fl""’a‘” defined by (14) is a Lyapunov functional on «(z). Using [17, Proposition 2.51 p. 53]
we deduce that the function Ly """ is constant on a(¢) hence on each complete orbit of a(¢). By Lemma
3.5, we deduce that a(¢) C & ;. Similarly we get w(z) C & ;. It follows that

lim_d(6(0). €7 7) = lim_d(6(t),&].5) =0

t——oo
with limg_, oo L3770 (b(1) > L7777 (2) > limy 400 LT (4(t)). Now, we apply the same arguments

than those used in Section 3.2.1, point 3. (ii). We just need to consider k¥ = 1 and use Lemma 3.5 instead of
Lemma 3.4. This allow us to first prove the existence of (EX! _  EX! ) € ( f,j)2 such that (27) holds (see

sy 1seee,Wn

Step 3), so that 7(z) is either a heteroclinic or homoclinic orbit. Then we prove that

E*,l _ E*’l

T1s.05Tn Wiy ,Wn

..... oy

(see Step 4) so that y(z) is actually a homoclinic orbit. Recalling that L(ll1 is a Lyapunov functional on
v(z), we deduce that Li"""“"* is constant on v(z) and by Lemma 3.5 we get v(z) C &} 7 and in particular
z € &F. In conclusion Ay = £ which proves that the set £ is GAS in So = U7L Sy

This proves the first statement of the second point of Theorem 2.5 for £ = 1. The rest of the second point

readily follows since each set 0S; is positively invariant. Consequently Theorem 2.5 is proved.

References

[1] H. J. Bremermann and H. R. Thieme. A competitive exclusion principle for pathogen virulence. Journal
of mathematical biology, 27(2):179-190, 1989.

[2] J.-B. Burie, A. Ducrot, and Q. Griette. Asymptotic behavior of an epidemic model with infinitely many
variants. Journal of Mathematical Biology, 87(3):40, 2023.

28



[3]

O. Diekmann, J. A. Heesterbeek, and J. A. Metz. On the definition and the computation of the basic
reproduction ratio Ry in models for infectious diseases in heterogeneous populations. J. Math. Biol.,
28(4):365-382, 1990.

K. J. Engel and R. Nagel. One-Parameter Semigroups for Linear Evolution Equations, volume 63(2).
Springer-Verlag, 2000.

G. Gause. The Struggle for Ezistence. Williams and Wilkins, Baltimore, 1934.

J. K. Hale. Asymptotic Behavior of Dissipative Systems, volume 25 of Mathematical Surveys and Mono-
graphs. American Mathematical Society, Providence, RI, 1988.

J. K. Hale and P. Waltman. Persistence in infinite-dimensional systems. SIAM J. Math. Anal., 20(2):388—
395, 1989.

S. B. Hsu. On global stability of a predator-prey system. Math. Biosci., 39(1-2):1-10, 1978.

S. B. Hsu, S. Hubbell, and P. Waltman. A mathematical theory for single-nutrient competition in continuous
cultures of micro-organisms. SIAM Journal on Applied Mathematics, 32(2):366-383, 1977.

H. Kellerman and M. Hieber. Integrated semigroups. J. Funct. Anal., 84(1):160-180, 1989.

P. Magal, C. C. McCluskey, and G. F. Webb. Lyapunov functional and global asymptotic stability for an
infection-age model. Appl. Anal., 89(7):1109-1140, 2010.

P. Magal and S. Ruan. Theory and Applications of Abstract Semilinear Cauchy Problems, volume 201 of
Applied Mathematical Sciences. Springer, Cham, 2018. With a foreword by Glenn Webb.

P. Magal, O. Seydi, and F.-B. Wang. Monotone abstract non-densely defined Cauchy problems applied to
age structured population dynamic models. Journal of Mathematical Analysis and Applications, 479(1):450—
481, 2019.

M. Martcheva and X.-Z. Li. Competitive exclusion in an infection-age structured model with environmental
transmission. J. Math. Anal. Appl., 408(1):225-246, 2013.

A. Perasso. Global stability and uniform persistence for an infection load-structured si model with expo-
nential growth velocity. Communications on Pure and Applied Analysis, 18:15-32, 2019.

Q. Richard. Global stability in a competitive infection-age structured model. Mathematical Modelling of
Natural Phenomena, 15(54):1-39, 2020.

H. L. Smith and H. R. Thieme. Dynamical systems and population persistence, volume 118. American
Mathematical Soc., 2011.

G. Teschl. Ordinary Differential Equations and Dynamical Systems, volume 140 of Graduate Studies in
Mathematics. American Mathematical Society, Providence, RI, 2012.

H. R. Thieme and C. Castillo-Chavez. On the role of variable infectivity in the dynamics of the human
immunodeficiency virus epidemic. In Mathematical and Statistical Approaches to AIDS Epidemiology,
volume 83 of Lecture Notes in Biomath., pages 157-176. Springer, Berlin, 1989.

H. R. Thieme and C. Castillo-Chavez. How may infection-age-dependent infectivity affect the dynamics of
HIV/AIDS? SIAM J. Appl. Math., 53(5):1447-1479, 1993.

G. F. Webb. Theory of Nonlinear Age-Dependent Population Dynamics. Marcel Dekker, New York, 1985.

K. Yosida. Functional analysis, volume 123 of Grundlehren der Mathematischen Wissenschaften [Funda-
mental Principles of Mathematical Sciences/. Springer-Verlag, Berlin-New York, sixth edition, 1980.

29



	Introduction
	Assumptions and results
	Proof of the global stability
	Case R0,11
	Case R0,1>1
	Existence of a global attractor
	Lyapunov functional
	Computation of the global attractor and conclusion



